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Abstract. In thispaper,some propertiesofasurfaceexciton in polyatomicpolarcrystalsare 
studied, Effective Hamiltonians in the ground state of the surface exciton for both strong- 
coupling and weak-couplingpolyatomic polar crystals are obtained by the method of alinear 
combination operator and simple unitary transformation. The effective mass of a strong- 
coupling surface exciton is derived using a Lagrange multiplier method. The self-trapping 
energy and effective potential of the surface exciton could be written as a series in ru;'. the 
lint term being proportional to rus, the coupling constant. The self-trapping energy and 
effective potential contain an extra contribution due to crossed t e r m  between the different 
phonon branches. For a surface Wannier exciton the increasing part of the effective mass is 
proportional to a; 

1. Introduction 

Since Haken [l] studied the exciton in polar crystals for the first time, many researchers 
have discussed the exciton but many of them mainly concentrated their attention on the 
weak- and intermediate-coupling cases. In early 1976, Huybrechts [2] proposed a linear 
combination operator method by which a strong-coupling polaron could be studied. Gu 
and Zhang [3] discussed the internal motion of the strong-coupling exciton in polar 
crystals using the method advanced by Huybrechts. 

The properties of the exciton in the surface layer of crystals influence the optical 
properties of the crystals very markedly. Most polar crystals are diatomic and cubic and 
their crystal structure belongs to NaC1, CsCl or ZnS type. In these crystals there is one 
mode of the longitudinal optical (LO) phonon. The properties of crystals having only 
one LO phonon branch have been studied by a great variety of techniques. However, a 
large number of polar crystals, with several atoms per unit cell, have more than one LO 
phonon branch. For example, in CuO, [4] there are two LO phonon modes. Si02, 
GaAs, -xPx and a large number of perovskites [SI (SrTiO,, BaTiO,, LiNbO,, etc) have 
more than two modes. In recent years the polaron problem with many LO phonon 
branches has been studied [a]. However, the exciton in polyatomic polar crystals has 
not been investigated so far. I [7,8] calculated the ground-state energy of the exciton 
in polyatomic polar crystals by means of the perturbation method and the effective 
Hamiltonian of the strong-coupling exciton in polyatomic polar crystals using a linear 
combination operator method. In this paper, some properties of the surface exciton in 
polyatomic polar crystals are studied by the method of a linear combination operator 
and a simple unitary transformation. 
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2. Hamiltonian 

Theoretical results [9] show that the surface layer of crystals may be regarded as pure ?D 
crystals if the distance from the surface is smaller than the radius of polarons. The effect 
of bulk phonons can be neglected, while the surface phonons are taken into account in 
the surface layer. In the case of many LO phonon branches, the total Hamiltonian of the 
surface exciton in polyatomic polar crystals can be written as 

Cei = 2nie ( h w , i / 4 z A ~ ) 1 / 2  (16) 

50 = exp(-iB~Q.p) - exp(iB2Q.p) (14 
1/E = 1/E: - I/€; (14  E ;  = ( E o  + 1)/2 E:  = (Er + 1) /2  
where M, p, R and p are the mass centre mass, reduced mass, ZD mass centre coordinate 
and relative coordinate, respectively. a& and up, are the creation and annihilation 
operators of the ith LO mode surface phonon with wavevector Q. and p 2  are the 
fraction of the mass of electron and hole. Q is the ZD wavevector of the surface phonon. 
&,is theopticaldielectricconstant. sois thestaticdielectricconstant. w,is the~osurface 
phonon frequency of the ith branch. 

We introduce the creation and annihilation operators E' and B for the mass centre 
momentum P and mass centre coordinate R by 

Pj  = (MhA/2)' f i  (E; + BT)  

Rj = i(fi/2MA)'/2 ( B j  - Bf) 
(Ei, Bf) = 6. -  'I 

( 2 4  

(26) 

(24  

j = x , y  

where A is a variational parameter. Substituting (Za)-(Zc) into ( la )  and carrying out the 
unitary transformation 

a t =  U i 1 U i ' H U I U 2  (3) 

( 4 4  
where 

f a ;  and f Z i  are variational parameters. a is a parameter characterizing the coupling 
strength proposed by Huybrechts. a = 1 corresponds to the weak-coupling limit and 
a = 0 to the strong-coupling limit. Then (la) can be rewritten as 



Surface exciton in polyatomic polar crystals 5865 

The ground-state wavefunction of the system is Q = ~p(p)lO) where q ( p )  is the 
wavefunction which describes the internal motion of an exciton. IO) is the zero phonon 
state, which satisfies 

BilO)=ae,lO)=O. (6) 

Then the upper limit of the ground-state energy is obtained by minimizing the expec- 
tational value E@): 

W) = ( Q l ~ l Q P )  = (Ip(P)/W)IIp(P)) ( 7 4  

IfcE = min F(h) (76) 

where He,  is called the effective Hamiltonian. 
Inserting (6) into (7a) we get 

2Mh 
h’ e2 1 IcQi 1 ’  1EQ 1 ’  F(A)  = -- vz - - + -ha - I: 
2 p  E ~ P  2 Q,i(hwti+aZfi’Q2/2M)Q 

h2 I cQi I IV&Q I ’ +-2 
2p  (hwSi + U ’ ~ ~ * Q ~ / ~ M ) ~ Q  

We now discuss the two limits of strong coupling and weak coupling. 
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3. Weak- and strong-coupling limits 

3.1. Weak coupling 

In the unitary transformation, U,  with a = 1 corresponds to the weak-coupling limit. 
Replacing ZQ by (S/4x2)&&Q dQ dq ,  although the calculation is straightforward. 
Equation (8)  can be written as 

where 

L @ )  = 

B = (Pi  + B:" 

exp(-u,p cos q) dqJ 
0 

U, = (2Mw,,/h)'B. 

Since each term is independent of A except the first term, we have 
A = 0. 

Finally we can obtain 

He, = - ( f i 2 / 2 . m  - Et, + VedP) 

E,, is the self-trapping energy and V,, is the effective potential. 

3.2. Strong coupling 

In the unitary transformation, U, with a = 0 corresponds to the strong-coupling limit. 
Equation (8) can be written as 

Thefinaltwo termsinF(k)can becalculated by replacing thesummationwithintegration 
we have 
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A 
0 

For a strong-coupling surface Wannier exciton (exp(-A~;~p~/4w,.) < l ) ,  F(A) can be 
approximately written as 

Performing the variation in (13) with respect to A, we get 

The solution can be written as 

For the strong-coupling case, 

(15n) can be expanded as 

Substituting (156) into (12n),  we have 

Herr = -(fi2/2~)v: - + Ve&) 
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I-=- 

The first term in equation (16n) is the kinetic energy of the surface exciton internal 
motion. The second term is the self-trapping energy of the surface exciton, which is 
induced by the interaction of the electron and hole in the exciton with the LO phonon. 
The third term is the effective interaction potential energy between the electron and 
hole. 

4. Effective mass 

To obtain the surface exciton mass, the minimization of the energy should be performed 
by constraining the total momentum operator P. This operator may be written as 

P = p + ~ Q U & ~ ; .  
Q.i 

We now replace one of equations (2) by 

Pi = (MfiA/2)1’2(Bi + B,f +Pol)  

where Po is an extra variational parameter. Carrying out the unitary transformation, 

Theexpectationvalueof U-’(H - U .p)Uforthegroundstate10), WhereuisaLagrange 
multiplier and will be in due course identified as the velocity of the surface exciton, is 
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Performing the variation in equation (20) with respect to fa; and PO yields 

fei = -[C&E;/(hwy. - hQ . u)Q’/’] exp(-hQ2/4MA) (W 
Po = (ZM/hA)‘/*u. (21b) 

Replacing the summation with integration and up to second order in the velocity U, we 
get 

p1 in (22) is the angle between p and U. 
For the strong-coupling surface Wannier exciton the variational parameter A,  which 

is the same as equation (15b), can be obtained by the variational method. Finally, using 
the variational quantitiesfQi, Po and A determined through equations (21) and (15b), we 
obtain the effective Hamiltonian of the surface exciton: 

Hen = -(h / 2p)VZ, + Pz/2M* - E ,  + V,,(p) 

where E,, and V,dp) are the same as (166) and (16c). 
For the momentum expectation value we find 
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The Lagrange multiplier U is indeedthesurfaceexcitonvelocity, and the surface exciton 
mass is therefore given by 

X [ l -  

5. Results and discussion 

The problem of the polaron in strong-coupling polar crystals is complicated, and even 
more so in strong-coupling polyatomic polar crystals. Naturally, the excifon problem in 
strong-couplingpolyatomicpolar crystals isstill moredifftcult. An effective Hamiltonian 
of the ground state of the surface exciton in both strong-coupling and weak-coupling 
polyatomic crystals and an effective mass of the surface exciton in strong-coupling 
polyatomiccrystals have been derivedusing the methodofalinearcombinationoperator 
and simple unitary transformation and Lagrange multiplier. 

From (lob) and (lOc) onecan see that many~ophonon branches inpolyatomicpolar 
crystals influence both the self-trapping energy and the effective potential of the surface 
exciton. If the interaction between the different branches of virtual phonons with 
different wavevectors emitted by the surface exciton in the recoileffect is neglected, the 
effects of different branches of LO phononsurface exciton coupling on both the self- 
trapping energy and the effective potential of the surface exciton are independent of 
each other. It is interesting that the effects of interaction of different branches of LO 
phonons and the surface exciton on the effective potential of the surface exciton is only 
felt by the final term of the potential and not by the Coulomb potential. 
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The self-trapping energy (106) depends not only on the surface exciton-phonon 
interaction, but also on the relative magnitudes of the electron and hole masses. What 
is more interesting is the influence of the lattice vibration on the self-trapping. The 
energy of the surface exciton is changed owing to the action of the lattice vibration on 
the surface exciton. The value of the surface exciton energy is lowered because of the 
action of the lattice vibration when the electron and hole masses are not equal, i.e. the 
self-trapping energy is 

Equation (26) shows further that, when the mass difference between the electron and 
the hole is not too large, E,, can be larger than zero, and the surface exciton may be 
self-trapped in the range 0.2113 < P I  < 0.7886. Otherwise, when the mass difference 
between the electron and the hole is large, the surface exciton may not be self-trapped 
in the range p1 < 0.2113 or > 0.7886. Under these circumstances, the energy of the 
surface exciton is not reduced; on the contrary, because of the action of the lattice 
vibration it rises. Thus the surface exciton will not be self-trapped, when the electron- 
to-hole mass ratio pe/ph is in the range pe/eh < 0.268 or > 3.732, whereas the 
surface exciton is self-trapped when the electron-to-hole mass ratio is in the range 
0.268 < pe/ph < 3.732, i.e. the self-trapping condition for the surface exciton depends 
critically on the electron-to-hole mass ratio, because the strength of the interaction of 
the electron and the hole with the lattice depends on the electron-to-hole mass ratio. 
The induced self-trapping energy also depends on this ratio. 

In strong-coupling polyatomic polar crystals, the self-trapping energy (166) and the 
effective potential (16c) of a surface Wannier exciton can be written as a series in a;', 
the first term being proportional to as, the coupling constant of the surface exciton- 
phonon. Not only does the self-trapping energy (166) and the effective potential (16c) 
include the couplingcontribution between theelectron-hole and the different LO phonon 
branches, but also there exists an extra contribution due to crossed terms between the 
different branches and the different wavevector virtual phonon, which is emitted via the 
excitonic recoil. 

For the surface Wannier exciton, one can omit, in the screening potential (16c) 
induced by the interaction of the electron-hole with the LO phonons due to the ionic 
polarization, theincludedK(p) and (d/dp)K(p) terms, whichare obtained vianumerical 
calculation, so that only the first term remains. If the effective electron-hole potential 
in strong-couplingpolyatomic polar crystals can be described simply by -e' /E: p ,  more 
satisfactory results may be obtained. 

The effective mass of the surface exciton in strong-coupling polyatomic polar crystals 
is obtained by the Lagrange multiplier method. From (25), one can see that the effective 
mass M* doesdependon the exciton-surface optical phonon parameter as, the electron- 
hole distance p and the electron-to-hole mass ratio. For the surface Wannier exciton 
in strong-coupling polyatomic polar crystals the included K(p), p(d/dp)K(p) and 
(d2/dp2)K(p) terms can be omitted, and we have 

From (27), one can see that for the surface Wannier exciton in polyatomicpolar crystals 
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the increasing part of the effective mass is proportional to cu, because of the strong 
coupling between the electron-hole and the surface optical phonon. 
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